In parts I, II III and IV we investigated some of the combinatorial consequences associated with the fact that certain topologically significant families of sets satisfy certain selection hypotheses. We now develop this further.
Proof : The implication that if the space satisfies S f in (D, D), then ONE has no winning strategy in the game G f in (D, D) requires proof. The argument in the proof of Theorem 10 of [6] can be adapted to do this. We give only a brief description.
First, S f in (D, D) implies that each element of D has a countable subset which is in D (incidentally, the latter statement is equivalent to saying that the cellularity of the space is countable). We may further restrict our attention to strategies of ONE which calls in each inning on ONE to play an ascending b For all n, U σ ⊆ U σ n ; c {U σ n : n ∈ N} is in D.
Then define for each n and k: Apply S f in (D, D) to the sequence (U n : n ∈ N). Since each U n is an ascending chain this gives for each n a U n kn ∈ U n such that {U n kn : n ∈ N} is in D.
Finally, observe that since for each n U n kn ⊆ U k1,...,kn , the sequence of moves U k1 , U k1,k2 , . . . by TWO defeats the strategy F . is again such a set, the collection of all such subsets of PR(X) is a basis for a topology, denoted PR(τ ), on PR(X). Then (PR(X), PR(τ )) is the Pixley-Roy space of (X, τ ). Most of the time τ will be clear from context and we shall omit both τ and PR(τ ). If X has a countable base, then PR(τ ) \ {∅} is a union of countably many sets, each with the finite intersection property; this implies that PR(X) has countable cellularity. Having countable cellularity is equivalent to: each element of D has a countable subset which is in D. (D, D) , we may assume that each U n is of this form.
It is not in general true that if a space has property S f in (O,
Since PR(X) has countable cellularity we may assume that each U n is countable. Let (B n : n ∈ N) bijectively enumerate the set of unions of finitely many 
The symbol D Ω denotes the collection of U ∈ D such that: no element of U is dense, but for every finite set F of nonempty open sets, there is a U ∈ U such that for each F ∈ F, U ∩ F = ∅. Each of the hypotheses S f in (D, D), (D, D) . Thus, let X be such a space and let (U n : n ∈ N) be a sequence from D for it.
We may assume that each U n is countable; let (U
If there is some n for which V n contains a dense subset of X, nothing more is required. Thus, we may assume that each V n is in D Ω . Applying the fact that each V n is an ascending chain and the property S f in (D Ω , D), choose for each n a k n such that the sequence Proof : Let X be a space as in the hypothesis and let (U n : n ∈ N) be a sequence
Doing this for each m gives rise to a sequence (G n : n ∈ N) of finite sets
I don't know to what extent the converse of Theorem 6 is true. To formulate a partial converse we introduce the following notion: The sequence (B n : n ∈ N)
is a discriminating sequence for X if no finite union of elements of B 1 is dense in X and for each n:
1. B n is a π-base for X and 2. for each U ∈ B n there is a V ∈ B n+1 such that for all W ∈ B n+2 with
Theorem 7
If a space has a discriminating sequence and property
then each finite power of the space has property S f in (D, D).
Proof : Let X be a space as in the hypothesis and let (B n : n ∈ N) be a discriminating sequence. We show that X 2 has property S f in (D, D) ; the proof for higher powers is analogous.
First, we describe a procedure for associating with an element U of D Ω for X 2 and an n ∈ N an element Σ(U, n) of D Ω for X. This specific procedure is used below.
Thus, fix U ∈ D Ω for X 2 and fix n ∈ N. For F a finite set of nonempty open subsets of X, do the following:
For each F ∈ F choose a B F ∈ B 2 n such that B F ⊂ F , and if H ∈ B 2 n +1 has nonempty intersection with
Then define
By Theorem 4 we may start with a sequence (
With the procedure as described above, look for each n at the sequence
Each of these sequences is a sequence from D Ω for X. 
We may assume U ∩ V = ∅ and U, V ∈ B k for some fixed k. Choose sequence of elements of D may be used to satisfy the selection hypothesis for these intervals. Thus assume that the line has no separable intervals, and thus has no isolated points. Let a sequence (U n : n ∈ N) of elements of D for L be given. We may assume that each U n consists of countably many intervals, say
Define F to be the set of nonempty open intervals I with the property that for each n there is a k with I ⊆ (a
and is in D. Let (B n : n ∈ N) enumerate the set of finite unions of elements of a countable
Problem 2 4 Is it true that if a space has property
to consider elements U of D whose members are of the form
and which have the additional property that for each [
Countable cellularity allows us to further assume that those U's are countable sets.
Let (U t : t ∈ N) be a sequence from D for PR(X) n . We may assume that each U t has the properties just described. Enumerate each U t bijectively as Proof : We may assume that
Theorem 2 ONE has no winning strategy in the game
We now use this information to show that ONE has no winning strategy in
Let F be a strategy for ONE in G f in (D Ω , D Ω ) on X, and define a strategy
If TWO responds with a finite set, T 1 ⊆ G(Y ), then ONE responds as follows: first, set S 1 = {U ∈ F (X) : (∃n)(U n ∈ T 1 )} and treat this as a move for
If TWO now responds with
, n ∈ N}, and so on.
Since G is not a winning strategy for ONE, fix a play
which is lost by ONE; this means ∪
Problem 3 Is it true that if a space satisfies
For 
This partition relation was introduced in [2] .
In 
For each
Proof : 1 ⇒ 2: Let U be an element of D Ω . We may assume that U is countable.
Enumerate it bijectively as (U n : n ∈ N). Let k ∈ N as well as a function
2. each i n is in {1, 2, . . . , k};
k is used repeatedly to do this. Then, for j ∈ {1, . . . , k} put C j = {U n : i n = j}. Then partition each U n as follows:
For each n we find a j n such that U n ∩C jn is in D Ω . Fix j such that for infinitely many n we have j n = j. Since the sequence of U n 's is descending this means that for each n we have 
, and so on.
By Theorem 2 F is not a winning strategy for ONE. Look at an F -play lost by ONE. It is of the form
where n k1 < n k2 < n k3 < . . . and if k < , then for all U m ∈ T k and U n ∈ V n ,
We use a partition that has been used several times in part II and other related papers. It suffices to show that the partition relation implies that X has S f in (D Ω , D) . Thus, let (U n : n ∈ N) be a sequence from D Ω . Each U n may be assumed to be countable; let (U n k : k ∈ N) enumerate U n bijectively. Define
Then V is in D Ω . For each element of V choose a representation of the form
2 → {1, 2} by:
Let W ⊂ V be an element of D which is eventually homogeneous for f . A case analysis shows that W is eventually homogeneous of color 2, and this in turn
For a Tychonoff space X the set of continuous functions from X to R is a subset of the Tychonoff product space R X of X copies of R. C p (X) denotes this set of continuous functions, endowed with the topology it inherits from this power of R. Being a topological vector space, C p (X) is homogeneous. This means that determining if a point f ∈ C p (X) is in the closure of the subset A of C p (X) is equivalent to determining if o, the function which is zero everywhere on X, is in the closure of a corresponding set. Define
Corollary 11 Let X be a set of real numbers. Then the following statements
are equivalent:
Each finite power of X has property S f in (O, O);
2. X has property S f in (Ω, Ω); The equivalence of 5, 6 and 7 were given in [12] . The equivalence of 8 and 9
ONE has no winning strategy in the game
G f in (Ω, Ω) on X;
For X and each
k ∈ N, Ω → Ω 2 k ; 5. C p (X) has property S f in (Ω o , Ω o );
ONE has no winning strategy in the game
G f in (Ω o , Ω o ) on C p (X); 7. For each k ∈ N, Ω o → Ω o 2 k ; 8. PR(X) has property S f in (O, D);
PR(X) has property S f in (D, D);

ONE has no winning strategy in the game
G f in (D, D) on PR(X); 11. For each k ∈ N, PR(X) satisfies D Ω → D 2 k ; 12. PR(X) satisfies S f in (D Ω , D Ω );
follows from Theorem 3. The equivalence of 9 and 10 follows from Theorem 2. enumerates the element of D selected from F (∅), ONE's first move. For each
For each n 1 and n 2 , (F n1,n2,n : n ∈ N) enumerates the element of D selected from F ({F j : j ≤ n 1 }, {F n1,j : j ≤ n 2 }), and so on. The family of F σ , σ ∈ <ω N has the property that for each σ, {F σ n : n ∈ N} is in D. and for all n, g B (n + 1) = f B (g B (n)). On cardinality grounds {g B : B ∈ B} is not cofinal in N N. Choose a strictly increasing g such that for each B, {n :
} is infinite. For each n let h(n) be the n-th iterate of g, computed at 1. Define the sets
. . is a play. We claim ONE lost it.
For look at B ∈ B. Choose m minimal with g B (m) < h(m). If m = 1, then
, and so B ∩ (∪T 1 ) = ∅. Thus, assume that m is larger than 1, say m = k + 1. Then we have
which means that (h(1), . . . , h(k)) was one of the sequences considered when
2 ⇒ 1: Let X be a set of real numbers of cardinality κ. Then PR(X) has π-weight κ and has countable cellularity. It follows that ONE has no winning strategy in G f in (D, D) . By Corollary 11 X has property S f in (Ω, Ω). We showed that every set of reals of cardinality κ has property S f in (Ω, Ω). By Theorem 4.6 G 1 (D, D). TWO has a winning strategy in G 1 if, and only   if, TWO has a winning strategy in G 1 (D, D) .
Theorem 14 A topological space satisfies S 1 (D, D) if, and only if, ONE has no winning strategy in the game G 1 (D, D).
Proof : We must show that if a space has property S 1 (D, D) , then ONE has no winning strategy in the game G 1 (D, D) . The proof is a minor variation of that of Lemma 2 of [9] -we give an outline for the reader's convenience. Let X be a space with property S f in (D, D) . Let F be a strategy for ONE in the game G 1 (D, D) . We may assume that in each inning F calls on ONE to play a countable element of D.
Define the array U σ , σ in <ω N, as follows:
, and so on. This array has the property that for each σ the set {U σ n : n ∈ N} is in D. 
Then each U(m, j) is in D.
There exist increasing sequences (j n : n ∈ N) and (m n : n ∈ N) such that
for each nonempty open set U ⊆ X and for each n there is a function σ from D, D) , it has property S f in (D, D) and by Theorem 2 G is not a winning strategy for ONE. Look at a G-play G(∅), T 1 , G(T 1 ), T 2 , G(T 1 , T 2 ) , . . . which is lost by ONE. Then ∪ n∈N T n is in D, and we find increasing sequences (j n : n ∈ N) and (m n : n ∈ N) such that for each n:
3. j n+1 is at least as large as the value of an σ for which U σ (m n , j n ) is in T n .
It follows that the m n 's and j n 's have the required properties.
With the sequences (j n : n ∈ N) and (m n : n ∈ N) fixed, define next for each n the family W n as follows: For every sequence k 1 < . . . < k n from N, and for any σ 1 , . . . , σ n where each σ i is an {1, . . . , j ki+1 }-valued function with domain
W n consists of all sets of the form W (k 1 , . . . , k n ; σ 1 , . . . , σ n ).
Since each W n is in D, the selection hypothesis
From the definitions we see that for each n S n ⊆ U ρn (m n , j n ). If we now define f : N → N so that for each n f(m n + i) = ρ n (i) whenever i ≤ m n+1 − m n , we find that the play analogue of Theorem 15 of [11] , shows that S 1 (D, D) implies a certain "splitting property" that was introduced in [11] :
Proof : The proof is just like that of Theorem 15 of [11] . 2 Then, using the idea of the proof of Theorem 16 of [11] , one obtains from the preceding theorem: S 1 (D, D) , then for every sequence (U n :
Corollary 17 If a space has property
n ∈ N) of elements of L, there is a sequence (V n : n ∈ N) of elements of L such that for each n V n ⊆ U n and V m ∩ V n = ∅ whenever m = n.
Theorem 18
The following selection hypotheses are equivalent:
Proof : We must show that 1 implies 2, and 4 implies 1.
That 1 ⇒ 2: Let (U n : n ∈ N) be a sequence from L. By Corollary 17 we may assume that U m ∩ U n = ∅ whenever m = n. Let (Y n : n ∈ N) be a partition of N into pairwise disjoint infinite sets. For each n apply S f in (D, D) to the sequence (U m : m ∈ Y n ). The result is a selector for (U j : j ∈ N) which is moreover in L.
That 4 ⇒ 1: Let (U n : n ∈ N) be sequence from D. Let (Y n : n ∈ N) be a partition of N into pairwise disjoint infinite sets. For each n, let V n consist of sets of the form U i1 ∪ . . . ∪ U im where m ∈ N, U ij ∈ U ij , and i 1 < . . . < i m are in Y n . If some such V n contains a dense subset of the space, then nothing more is to be done. Thus, we may assume that each V n is in D Ω . Now apply S 1 (D Ω , D) to the sequence (V n : n ∈ N). The selector for this sequence can be modified to an appropriate selector for the original sequence of U n 's. 2
Corollary 19 Every space with property
S 1 (D Ω , D Ω ) has property S 1 (D, D).
Problem 5 Find a space which has property
The method of proof of Theorems 6 and 7 also work to prove 
X satisfies: For each
This brings us now to our second summary of how the preceding results, when applied to the Pixley-Roy spaces of sets of reals, fit in with the work from parts I, II and III. 
For X and each
n, k ∈ N, Ω → (Ω) n k ; 5. C p (X) has property S 1 (Ω o , Ω o );
ONE has no winning strategy in the game
G 1 (Ω o , Ω o ) on C p (X); 7. For each k, n ∈ N, Ω o → (Ω o ) n k ; 8. PR(X) has property S 1 (O, D); 9. PR(X) has property S 1 (D, D);
G 1 (D, D) on PR(X); 11. For each k ∈ N, PR(X) satisfies D Ω → (D) 2 k ; 12. PR(X) satisfies S 1 (D Ω , D Ω );
Proof : 1 ⇔ 2 is proved in the Lemma of [10] . 1 ⇔ 5 is proved in Theorem 1 of [10] . 1 ⇔ 8 is proved in Theorems 5 A and 5 B of [3] .
2 ⇔ 3 is given in Theorem 2 of [12] . 2 ⇔ 4 is proven by combining Theorem 6.1 of [8] and Theorems 23 and 24 of [11] .
The equivalence of 5, 6 and 7 was given in [12] . The equivalence of 8 and Build the following array of sets: (U n : n ∈ N) enumerates a countable element
, and so on. Let B be a π-base of cardinality κ. For each B ∈ B define
Since each S B is closed and nowhere dense we find, by cardinality considerations, an element f of N N not in any S B . Then the play
is lost by ONE.
2 ⇒ 1: Let X be a set of real numbers of cardinality κ. Then PR(X) has π-weight κ and countable cellularity. Then ONE does not have a winning strategy
that by Theorem 5 A of [3] X has property S 1 (Ω, Ω). We see that each set of real numbers of cardinality κ has property S 1 (Ω, Ω). Theorem 4.8 of [8] implies that κ is less than cov(M). 2
One can also show that each of the clauses of this theorem is equivalent to the statement that for each T 1 -space of countable cellularity and π-weight κ, ONE has no winning strategy in the game
We are now in a position to answer some questions from [4] : 
Closing remarks
In parts I, II and III additional properties, all motivated by analogous properties that have been studied for ultrafilters on N, were considered in connection with these selection hypotheses. Here is a partial list of these: 
